An influence of the phonon-phonon coupling (PPC) on the β-decay half-lives and multi-neutron emission probabilities is analysed within the microscopic model based on the Skyrme interaction with tensor components included. The finite-rank separable approximation is used in order to handle large two-quasiparticle spaces. The even-even nuclei near the r-process pathes at N = 82 are studied. The characteristics of ground states, 2 + excitations and β-decay strength of the neutron-rich Cd isotopes are treated in detail. It is shown that a strong redistribution of the Gamow-Teller strength due to the PPC is mostly sensitive to the multi-neutron emission probability of the Cd isotopes.
I. INTRODUCTION
The β-decay properties are very important for understanding the nuclear structure evolution at extreme N/Z ratios, for analysis of the radioactive ion-beam experiments and modeling of astrophysical r-process [1] . In the last years a renewed attention has been attracted to the delayed multi-neutron emission (βxn) with x = 2, 3.... The β2n emission has been predicted in early 60-s [2] and later observed in for the cases of 11 Li [3] and 30−32 Na [4] . It has also been considered for heavier nuclei in Ref. [5] emphasizing a competition between the sequential and resonant ("di-neutron") emission. Observation of the di-neutron emission in 16 Be decay has been recently claimed [6] (see comment in [7] and discussion in [8] ). Now a days Bi isotopes in the mass region N > 126 are the heaviest nuclei where the delayed neutron emission has been studied [9] .
A study of βxn processes facilitates developing a selfconsistent approach based on the energy density functional (EDF). The process probability depends, first on specific energy "landmarks": the β-decay energy release Q β and neutron emission thresholds S xn . An adequate description of these differential quantities poses constraints on the EDF at high isospin-asymmetry regime. Second crucial ingredient is the β-strength function: spectral distribution of the β-decay matrix elements within the β-decay window (Q β ). Assuming an amplification of the intensity distribution by the integral Fermi factor, the most important contributions come from the allowed Gamow-Teller (GT) and high-energy first-forbidden β-decays. Importantly, they should be treated employing the one and the same self-consistent framework [10, 11] .
Experimental studies using the multipole decomposition analysis of the (n,p) and (p,n) reactions [12, 13] found substantial GT strength above the GT resonance peak. This solves a longstanding problem of the missing experimental GT strength. Also it helps to overcome the discrepancies between the theoretical predictions using the one-phonon wave-function of the quasiparticle random phase approximation (QRPA) and the measurements. It has been found necessary to take into account the coupling with more complex configurations in order to shift some strength to higher transition energies in order to comply with the experimental results [14] [15] [16] . Using the Skyrme EDF and the RPA, such attempts in the past [17, 18] have allowed one to understand the damping of charge-exchange resonances and their particle decay. The damping of the GT mode has been investigated using the Skyrme-RPA plus particle-vibration coupling [19] . The main difficulty is that complexity of the calculations increases rapidly with the size of the configurational space and one has to work within limited spaces. The separable form of the residual interaction is the practical advantage of the quasiparticle phonon model (QPM) [20] which allows one to perform the calculations in large configurational spaces [15, 20, 21] . The finite rank separable approximation (FRSA) for the QRPA with Skyrme interactions [22, 23] has been invented to describe charge-exchange excitation modes [24, 25] .
In the present paper we concentrate on the delayed multi-neutron emission in the region below the neutronrich doubly-magic nucleus 132 Sn. The β-decay properties of r-process "waiting-point nuclei"
129 Ag, 130 Cd, and 131 In have attracted a lot of experimental efforts recently [26] [27] [28] [29] [30] . The theoretical analysis has been done within the microscopic-macroscopic finite-range droplet model (FRDM+QRPA) [26, 31] , the continuum QRPA approach with the Fayans EDF (DF3+cQRPA) [10, 11, 32, 33] . Recently, the proton-neutron relativistic QRPA (pn-RQRPA) [34] and the finite-amplitude method (FAM) [35] calculations have appeared. In general, the microscopic approaches [11, 34, 35] described the half-lives and total probabilities of the βxn emission better than the global approach [36] commonly used for astrophysical r-process modeling. Importantly, all the cited papers have used the one-phonon approximation. This may be not enough for adequate reproduction of the fine structure of the GT strength distribution near the neutron thresholds. Such a detailed analysis is feasible in the large-scale shell-model [37] but this approach is limited by the number of available np−nh configurations.
In most of the cases, the experimental β-strength function is absent. The combined analysis of integral β-decay characteristics: the half-lives and βxn emission probabilities (P xn ) helps to reconstruct the β-strength function. A ratio of P 2n /P 1n is a sensitive marker of the GT strength distribution in continuum. This carries back the information on the spin-isospin dependent components of the EDF. The main aim of the present paper is to microscopically describe the change of the β-strength function profile caused by the 2p−2h fragmentation and to analyze its impact on the β-decay half-lives and βxn-emission rates in medium-heavy even-even Cd isotopes close to N = 82 closed shell. This paper is organized as follows. In Sec. II, we apply the FRSA model for studying the impact of the PPC effects on the delayed multi-neutron emission. In Sec. III we describe the important ingredients used in the P xn calculations and, in particular, Q β -value, the low-energy 2 + excitations of the parent nucleus, one and two neutron separation energies for the daughter nucleus. We analyze the results of the calculations of β-decay halflives in Sec. IV A and the prediction of the βxn-emission probabilities in Sec. IV B. Conclusions are finally drawn in Sec. VI.
II. β-DECAY CHARACTERISTICS WITHIN THE FRSA MODEL
The FRSA model for the charge-exchange excitations and the β-decay was already introduced in Refs. [24, 38] and in Ref. [25, 39] , respectively. In the present study of the β-decay of even-even nuclei, this method is applied for the prediction of the βxn emission probabilities.
The βxn emission is a multistep process consisting of (a) the β-decay of the parent nucleus (N, Z) which results in feeding the excited states of the daughter nucleus (N -1, Z + 1) followed by the (b) βxn emissions to the ground state and/or (c) γ-deexcitation to the ground state of the product nucleus (N -1 -X, Z + 1). The starting point is the HF-BCS calculation [40] of the ground state within a spherical symmetry assumption. The continuous part of the single-particle spectrum is discretized by diagonalizing the HF Hamiltonian on a harmonic oscillator basis. In the particle-hole (p-h) channel we use the Skyrme interaction with the tensor components and their inclusion leads to the modification of the spin-orbit potential [41] [42] [43] . The pairing correlations are generated by the density-dependent zero-range force
where ρ 0 is the nuclear saturation density. The values of V 0 , η and γ are fixed to reproduce the odd-even mass difference of the studied nuclei [44, 45] . To calculate binding energies of the daughter nucleus B(N − 1, Z + 1) and the final nucleus B(N −1−X, Z +1), the blocking of the BCS ground states [40, 46] is taken into account. Finally, the calculated Q β -value and the neutron separation energies are given by
∆M n−H = 0.782 MeV is the mass difference between the neutron and the hydrogen atom.
Constructing the QRPA equations on the basis of HF-BCS quasiparticle states of the parent (even-even) nucleus (N, Z) is the standard procedure [47] . The residual interactions in the p-h channel and the particle-particle channel are derived consistently from the Skyrme EDF. The eigenvalues of the QRPA equations are found numerically as the roots of the FRSA secular equation for the cases of electric excitations [22, 44] and charge-exchange excitations [24, 38] . It enables us to perform QRPA calculations in very large two-quasiparticle (2QP) spaces. In particular, the cut-off of the discretized continuous part of the single-particle spectra is performed at the energy of 100 MeV. This is sufficient for exhausting the Ikeda sum rule S − − S + = 3(N − Z). A rather complete list of FRSA features can be found in Ref. [25] .
To take into account the phonon-phonon coupling (PPC) effects we follow the basic QPM ideas [15, 20] . The Hamiltonian can be diagonalized in a space spanned by states composed of one and two QRPA phonons [25] ,
where λ denotes the total angular momentum and µ is its z-projection in the laboratory system. The ground state of the parent nucleus (N, Z) is the QRPA phonon vacuum | 0 . The wave functions Q + λµi | 0 of the one-phonon excited states of the daughter nucleus (N -1, Z + 1) are described as linear combinations of 2QP configurations; Q + λµi |0 is a one-phonon electric excitation of the parent nucleus (N, Z). The normalization condition for the wave functions (4) 
For the unknown amplitudes R i (Jν) and P λ1i1 λ2i2 (Jν) the variational principle leads to the set of linear equations with the rank equal to the number of one-and twophonon configurations, and for its solution it is required to compute the Hamiltonian matrix elements coupling one-and two-phonon configurations [25, 48] . The equations have the same form as the canonical QPM equations [15, 20] , where the single-particle spectrum and the residual interaction are derived from the same Skyrme EDF.
In the allowed GT approximation, the β − -decay rate is expressed by summing up the probabilities (in units of G 
where λ k if is the partial β − -decay rate, G A /G V =1.25 is the ratio of the weak axial-vector and vector coupling constants and D=6147 s (see Ref. [49] ). E 1 + k denotes the excitation energy of the daughter nucleus. As proposed in Ref. [50] , this energy can be estimated by the following expression:
where E k are the 1 + k eigenvalues of the QRPA equations, or of the equations taking into account the two-phonon configurations (4) , and E 2QP,lowest corresponds the lowest 2QP energy. The spin-parity of the lowest 2QP state is, in general, different from 1 + . The wave functions allow us to determine GT transitions whose operator iŝ
Because of taking into account the tensor correlation effects within the 1p−1h and 2p−2h configurational spaces, any quenching factors are redundant [14] . The difference in the characteristic time scales of the β decay and subsequent neutron emission processes justifies an assumption of their statistical independence. As proposed in Ref. [51] , the P xn probability of the βxn emission accompanying the β decay to the excited states in the daughter nucleus can be expressed as
where the GT transition energy (E GT k ′ ) is located within the neutron emission window Q βxn ≡ Q β − S xn . For P 1n we have Q β2n ≤ E GT k ′ ≤ Q βn , while for P xn this becomes Q βxn ≤E GT k ′ ≤Q βx−1n . Since we neglect the γ-deexcitation of the daughter nucleus, some overestimation of the resulting P xn values can be obtained [11] . The study of the γ-deexcitation influence on the P xn values within our approach is in progress. 
III. DETAILS OF CALCULATIONS
As the parameter set in the particle-hole channel, we use the Skyrme EDF T43 which takes into account the tensor term [43] . The T43 set is one of 36 parametrizations, covering a wide range of the parameter space of the isoscalar and isovector tensor term added with refitting the parameters of the central interaction, where a fit protocol is very similar to that of the successful SLy parametrizations. The spin-isospin Landau parameter is given by
where N 0 = 2k F m * /π 2 2 is the level density, with k F being the Fermi momentum and m * the nucleon effective mass. At saturation density (ρ = ρ 0 ), the set T43 predicts enough positive value for G ′ 0 = 0.14 and it gives a reasonable description of properties of the GT and charge-exchange spin-dipole resonances [52] . Using the PPC effects within the FRSA model, the T43 set gives a reasonable agreement with experimental data for the β-decay half-life of the neutron-rich doubly-magic nucleus 132 Sn, see Sec. IV A. It is worth mentioning that the first study of the strong impact of the tensor correlations on the 132 Sn half-life has been done in [53] . The pairing correlations are generated by a surface- [24, 38] .
The correct description of the Q β values for the parent nuclei and the neutron separation energies (S xn ) for the daughter nuclei is the important ingredient for the reliable prediction of the P 2n /P 1n ratios. The binding energies of the daughter and final nuclei are calculated with the blocking effect for unpaired nucleons [40, 46] In. The proton 1g 9/2 and 1g 7/2 subshells are chosen to be blocked in the cases of the Rh, Ag, In isotopes and the Sb, I isotopes, respectively. The calculated Q β , S n and S 2n values of the β-decays of the even Cd isotopes and the N = 82 isotones are compared with the experimental data [54] in Fig.1 . The existing experimental data show a different A-behavior, namely, the 6. It is interesting to examine the energies and transition probabilities of the [2 + 1 ] QRP A states of the neutron-rich Cd isotopes (see Fig.2 ). There is a significant increase of the 2 + 1 energy of 130 Cd. It corresponds to a standard evolution of the 2 + 1 energy near closed shells. In all five nuclei, the 2 + 1 wave functions are dominated by the proton configuration {1g 9/2 , 1g 9/2 } π (>73%). The closure of the neutron subshell 1h 11/2 in 130 Cd, leads to the vanishing of the neutron pairing and as a result the lowest neutron 2QP energy {2f 7/2 , 1h 11/2 } ν is larger than the lowest neutron 2QP energies {1h 11/2 , 1h 11/2 } ν in 128 Cd and {2f 7/2 , 2f 7/2 } ν in 132 Cd. Correspondingly the 2 + 1 state of 130 Cd has noncollective structure with the {1g 9/2 , 1g 9/2 } π domination (about 96%) and the B(E2) value is reduced. As the data for the Cd isotopes are very scarce, the N = 82 isotones are used for reference. Results of QRPA calculation with T43 EDF and the experimental data [55, [58] [59] [60] are shown in Fig. 3 . The calculated values are in a reasonable agreement with the data. Mooving along the neutron-rich N = 82 isotones chain one can find that 2 + 1 states in 126 Ru, 128 Pd and 130 Cd as is discussed above, have a noncollective structure with a domination of the {1g 9/2 , 1g 9/2 } π configuration. In 132 Sn, the main configurations are the neutron {2f 7/2 , 1h 11/2 } ν (56%) and the proton {2d 5/2 , 1g 9/2 } π (37%) ones. In 134 Te, the 2 + 1 state is dominated by the lowest 2QP component {1g 7/2 , 1g 7/2 } π . The structure peculiarities are reflected in the B(E2) behavior in this chain. We find a satisfactory description of the isotonic dependence of the 2 + 1 energy near the closed proton shell.
IV. RESULTS
Using the same set of parameters the main features of the β-decay and available βxn rates are described for the neutron-rich nuclei 
For
130 Cd, the QRPA strength function has a rather simple two-peak structure, the main transition to the [1 + 1 ] QRP A state is built on the {π1g 9/2 , ν1g 7/2 } configuration. Inclusion of the PPC shifts main peak by +120 keV increasing its amplitude by 5% and also an additional low rate peak at E GT 2 =2.4 MeV comes from the [1
Thus an additional peak is dominated by the four-quasiparticle configuration {π1g 9/2 , π1g 9/2 , π1g 9/2 , ν1g 7/2 }. On the other hand, the main contribution to the GT matrix element comes from the one-phonon configuration [1 + 1 ] QRP A which exhausts about 6% of the 1 + 2 wave function. These changes are translated into the corresponding half-life reduction and P tot growth. This will be discussed in the next subsections. As can be seen from Fig.4 , we get the similar tendency of the QRPA strength function in the case of 132 Cd. However there are remarkable changes in the val- ues of the Q β1n and Q β2n windows. It is seen that the calculated neutron-emission probability (P tot ) exhausts 100% since all the GT transition energies are less than Q β1n . The additional (two-phonon) peak leads to the P 2n /P 1n increase, see Sec. IV B.
A. β-decay half-lives For 126,128,130,132,134 Cd, the results of our calculations and experimental data [28] are shown in Table 1 . First, the half-lives are studied within the one-phonon approximation. At a qualitative level, our results reproduce the experimental mass dependence of the half-lives. The largest contribution (>80%) in all the calculated halflives comes from the [1 ] QRP A states is {π1g 9/2 , ν1g 7/2 } with the contribution of about 99 %, and log f t ≈ 2.9 in all the Cd isotopes considered. Let us consider how to explain the 3.2-time reduction of calculated half-life values from 130 Cd to 132 Cd, see Table 1 . The {π1g 9/2 , ν1g 7/2 } energy is equal to 7.5 MeV for 130 Cd and 9.5 MeV for 132 Cd. Also we find that the lowest 2QP energy is either the {π1g 9/2 , ν1h 11/2 } value of 3.4 MeV for 130 Cd, or {π1g 9/2 , ν2f 7/2 } value of 1.9 MeV for 132 Cd. As a result, the excitation energy of the first 1 + state is increased from 130 In to 132 In. Therefore, the 4.6 MeV increase of the Q β values (see Fig. 1 ) plays the key role to explain this half-life reduction. The analysis within the one-phonon approximation can help to explain the main peculiarities of the half-lives A-dependence, but it is only a rough estimate.
Let us now discuss the extension of the space to oneand two-phonon configurations on the half-lives. As expected, the largest contribution (>70%) in half-life comes from the 1 In is a stringent test for the existing microscopic approaches [62] . Results of FRSA model with the T43 EDF (E 1 + 1 = 3.9 MeV and log f t = 3.0) can be compared with the experimental excitation energy E 1 + 1 = 2.12 MeV and log f t = 4.1 [27] . The calculated two-quasiparticle energy and unperturbed B(GT) value are too large to be properly renormalized the inclusion of the two-phonon configurations. One may possibly seek for improvements of the T = 0 pairing term in the EDF used. Table 1 shows the half-life reduction as an effect of the quadrupole-phonon coupling, see, e.g., Fig. 4 . The calculated half-life of 130 Cd is in excellent agreement with the experimental data [28] . The discrepancies between measured and calculated half-lives of 126, 132, 134 Cd are due to total neglect of the first-forbidden transitions.
It is worth to mention that the EDF T43 within the QRPA gives a satisfactory agreement with experimental data for the β-decay half-life of the neutron-rich doublymagic nucleus 132 Sn [53] . The PPC effect results in a improvement of the half-life description, see Fig. 5 . As can be seen from Table 1 and Fig. 5 , there are different behavior of the existing experimental half-lives [28, 61] It is planned to extend our formalism including the firstforbidden transitions.
B. Probabilities of the β-delayed neutron emission
An additional constraints on the β-strength function are given by the total and multi-neutron emission probabilities. The well-known experimental probabilities are P tot = 3.5 ± 1.0% for 130 Cd [27] and 60 ± 15% for 132 Cd [26] . The calculated P 1n,2n values are displayed in Fig. 6 . For 126 Cd, one has to mention a non-zero P tot value less than 1%. For 130 Cd, the calculated P tot value of 13.7% is higher than the experimental value of 3.5% [27] which may indicate the necessity of including the T = 0 pairing interaction. For all considered isotopes we obtain the maximal P 1n and P 2n values in the case of 132 Cd. The redistribution of the QRPA estimate in favor of P 2n occurs when the PPC effect is included: P 2n = 25.6% compared to P 1n = 74.4%. This differs from the DF3a+cQRPA prediction by Ref. [63] which gives P 1n =84.13%, P 2n =0.14%. Also, it is interesting to compare the P 2n /P 1n ratios. They are 0.002 in Ref. [63] and 0.34 in the present calculation. The difference between the predictions of two models can be explained by the sensitivity of multi-neutron delayed emission to the details of the β-strength function and the neutron separation energies. Also further from the closed shell ( 134 Cd) one can not neglect the increasing contribution of the first-forbidden transition known to reduce the P tot value [11, 33, 63] and substantially redistributing P xn values. As is shown in Ref. [63] , the DF3a+cQRPA calculation gives P 1n =32.75%, P 2n =47.47% and P 3n =7.12%.
It would be instructive to study the PPC effect on the P 1n,2n values of the neutron-rich nuclei. For 126,128,130 Cd within the QRPA there are two main GT decays which define the P tot values (see for example, Fig. 4) . The inclusion of the PPC has a stronger influence on the energy shift of the 1 
V. CONCLUSIONS
Starting from the Skyrme mean-field calculations, we have studied the effects of the phonon-phonon coupling on the properties of the β-delayed multi-neutron emission and, in particular, on P 2n /P 1n ratios of nuclei in the mass range A ≈ 130. The finite-rank separable approach to the QRPA problem enables one to perform the calculations in very large configurational spaces.
The parametrization T43 of the Skyrme interaction is used for all calculations in connection with the surfacepeaked zero-range pairing interaction. In particular, we study the multi-neutron emission in the 132 Cd in comparison with N = 82 isotone 130 Cd. We have found a significant two-neutron emission for 132 Cd, the effect which was predicted within the FRDM+QRPA and the DF3+cQRPA before. Notice, that as well as in the DF3+cQRPA calculations, our results from the Skyrme interaction are in reasonable agreement with experimental half-lives. It is the first successful description obtained with the Skyrme interaction for the experimental neutron-emission probabilities. The coupling between one-and two-phonon terms in the wave functions of 1 + states is shown to be essential. The QRPA underestimates the P 2n /P 1n values. Inclusion of the twophonon configurations produces an impact on the P 2n value which leads to the 55% increase of the P 2n /P 1n ratio. For 126,128,130,132,134 Cd, the maximal P 1n and P 2n values are obtained in the case of 132 Cd. For 126 Cd, a nonzero probability of the neutron emission is found.
We conclude that the present approach makes it possible to perform the new microscopic analysis of the rates of the β-delayed multi-neutron emission. The model can be extended by enlarging the variational space for the 1 + states with the inclusion of the two-phonon configurations constructed from phonons with monopole, dipole and octupole multipolarities. The computational developments that would allow us to conclude on this point are underway.
